This study presents a systematic analysis of stress changes near the horizontal well sections drilled in shale and clay formations using a new approach. Most of the prior analyses of stress concentrations and wellbore stability in anisotropic shale formations use the traditional Lekhnitskii-Amadei solutions. We present a faster set of analytical stress functions, based on largely overlooked solutions by Green and Taylor. First the full theoretical range of possible compliances for transverse isotropic materials is evaluated, using data for 5 shale/clay samples and 12 additional test materials. Contour plots show the principal stress trajectory patterns and variation in the spatial stress concentration due to deviation from isotropic elasticity. Next, we show how uni-axial far-field stress solutions can be mutually superposed and combined with stress function solutions for local stress concentration due to internal pressure on the wellbore. The reappraised set of Green and Taylor equations is then applied to horizontal wells in three Andersonian stress states for compressional, strike-slip and extensional basins. The stress concentrations in the horizontal wellbore are evaluated for well depths between 0 and 10,000 ft, using the elastic stiffnesses from five shale and clay samples to show the stress deviations from the isotropic reference case. Finally, a full wellbore stability evaluation model combines the stress concentrations around the wellbore with failure criteria, to determine the safe drilling window at each well depth (for each Andersonian stress state). Practical graphs and supporting equations are provided to assess wellbore stability in transverse isotropic shale. 2013). Kerogen was found to have a significant impact on the horizontal effective stress, which in turn affects the pore pressure in favor of improved production from kerogen-rich shales (Sayers, 2013) . Prior
Introduction
Stress concentrations are known to amplify near newly drilled wellbores, especially when the in-situ stress due to the regional tectonics is anisotropic. Large differences in the principal stresses prior to drilling the rock formation will lead to a large variety of stress concentrations contours as well as the stress trajectory patterns, even when assuming the rock behaves elastically isotropic (Thomas and Weijermars, 2018) . The isotropic elastic case is commonly assumed in commercial wellbore stability analysis tools. Analytical solutions computed in such software platforms are based on the classical Kirsch equations (Kirsch, 1898) . Lately, due to the large number of wells completed in shale formations for hydrocarbon extraction, a thorough understanding of the mechanical response of wellbores in elastically anisotropic shale formations has become particularly important.
Hydrocarbon production in the US and Canada has rapidly increased owing to the drilling of several hundred thousand wells in anisotropic shale formations, which has also led to emerging drilling activity in shale formations elsewhere (Argentina, Australia, and China). Stress concentrations are known to increase around boreholes in transverse isotropic shale (Serajian and Ghassemi, 2011) . Even before the shale play drilling frenzy took off after the turn of the Millennium, wellbore collapse occurred particularly frequently in shale sections (Tan et al., 1997) . Until the present-day borehole collapses continue to occur in various shale formations around the world (Akhtarmanesh et al., 2013; Chen et al., 2003; Lu et al., 2015; You et al., 2014; Zhao et al., 2013) . The elastic anisotropy of organic-rich shale is further known to be affected by the kerogen content, which is isotropic whereas the shale fabric is transversely anisotropic (Sayers, laboratory experiments revealed that elastic anisotropy of shale changes with confining pressure in a non-linear fashion (Hornby, 1994 (Hornby, , 1998 . Adaptation of wellbore stability monitoring tools accounting for elastic anisotropy is making strides. For example, a relatively new dipole sonic tool with a slim diameter design can acquire polarized acoustic wave measurements (Aderibigbe et al., 2016; Brooks et al., 2015) that reveal the elastic stiffness moduli following a parameterized conversion method (Thomsen, 1986) . The sonic dipole tool used while drilling collects high sample rates of the stiffnesses required to characterize the anisotropic elasticity of transverse isotropic rocks. Such data are relevant for fracture treatment design during well completion, as well as for stability analysis during drilling of the well prior to completion. An example is the use of sonic dipole data to constrain the minimum horizontal stress gradient near horizontal shale wells as an input for the fracture treatment design to bring the proper amount of pumping capacity on location to reach the critical fracture gradient stress (Brooks et al., 2015) .
In theory, the elastic stiffnesses obtained real-time via the sonic dipole tool can be utilized to compute a wellbore stability model that accounts for elastic anisotropy, rather than resorting to isotropic elastic solutions of Kirsch, when computing the safe drilling window, which is currently still the standard tool. Numerous academic studies have analyzed the stress concentrations around wellbores in rocks displaying transverse isotropy of elastic moduli (Aadnoy, 1988; Karpfinger et al., 2011; Lu and Chen, 2013; Wang, 1999; Zhang et al., 2015; Zhao et al., 2013) applying the theoretical framework of Lekhnitskii (1963) and Amadei (1983) . The required input parameters can be obtained realtime from logging while drilling or from pilot wells. We assume one of the reasons for delays in incorporating anisotropy in wellbore stability analysis tools is the mathematical complexity of the analytical solutions based on the theoretical framework of Lekhnitskii (1963) and Amadei (1983) . Anisotropy of elastic compliances, ubiquitous in shale formations, leads to fairly complex equations when accounting for variations in the far-field stress and wellbore pressures.
The present study therefore advocates using a much overlooked, simpler set of algorithms developed in classical work by Green and Taylor (1945) , which has seen little uptake in the realm of either theoretical or practical software platforms concerned with borehole stability analysis. Factors contributing to the neglect of the quoted seminal work in wellbore stability analysis, may be the use of a nearly obsolete term "aeolotropic", and an emphasis on mathematical derivations with only a bare minimum of supporting graphs. While developing our analysis using the analytical solutions of Green and Taylor (1945) in the context of wellbore stability analysis in a transverse isotropic elastic medium, a contemporary study appeared (Mimouna and Prioul, 2017) , which pointed out for the first time the convergence between the solutions developed by Lekhnitskii (1963) , (1968) and Green and Taylor (1945) .
The present study advances wellbore stability analysis in shale wells by systematically investigating how the deviatoric tectonic stress and any superposed stress due to the wellbore's internal pressure-loading may be affected by elastic anisotropy. Existing wellbore stability analysis tools critically depend on determinations of the safe drilling window, commonly based on analytical stress concentration formulae of Kirsch, assuming linear isotropic elastic response when rocks are penetrated by the drillhole. The new solutions presented allow for the computation of stress distributions around boreholes, accounting for elastic anisotropy, due to a uni-axial and biaxial far-field deviatric stress, and both conditions are common in horizontal shale wells. We present a systematic inventory of the stress redistributions occurring for the full range of anisotropy variations in wellbores drilled parallel to the plane of the isotropic fabric, such as is the case in most shale basins with sub-horizontal bedding orientations. Shale wells are commonly drilled in the direction of the minimum horizontal stress axis. This feature can be exploited to develop improved wellbore stability models based on a set of practical algorithms that take into account the elastic anisotropy of shale.
The use of practical algorithms to account for elastic anisotropy could improve the safety of, and mitigate delays in, drilling programs for hydrocarbon development in shale basins. Improved geo-mechanical models of anisotropic elastic response and failure criteria in shale will also lead to higher quality well completions. With the recent frenzied drilling activity in shale formations, the horizontal section of the wellbore should stay perfectly cylindrical along its full length. Any local damage such as drilling-induced breakouts and tensile failure should be avoided. Local well failure incidents are commonly manifested as stuck pipe and loss of costly drilling fluid, and may even lead to total loss of the well. When the drilling is completed without major incidents and fast drilling times, the occurrence of drilling-induced wellbore imperfections may preclude the placement of stage isolation sleeves at regular spacing for the hydraulic fracture treatment in open wellbores. When the fracture treatment occurs in cemented wellbores, the cement will be either thicker or thinner at locations of wellbore imperfections, which contributes to local perforation failures, which in turn may lead to disappointing production output from shale wells.
The stress concentrations near the wellbore depend upon both the degree of elastic anisotropy and the degree of anisotropy in the state of the native stress in the shale basin. This study evaluates a range of failure criteria to determine the safe drilling window for a variety of mud weights, and compares the disparity of stress patterns and magnitudes for the isotropic and anisotropic cases. The anisotropic solutions are compared with the stress trajectory pattern distributions recently analyzed for isotropic boreholes drilled in a variety of Andersonian stress states (Thomas and Weijermars, 2018) . Given the fact that the majority of today's wellbores are completed in horizontally foliated shale formations, our results may significantly contribute to both (1) the improvement of wellbore stability, and (2) improved completion success in such hydrocarbon plays.
Theory of transverse isotropic wellbore stresses

Prior work on analytical solutions
Most prior work on wellbore stresses in anisotropic media use the analytical solutions of Lekhnitskii (1981) and Amadei (1983) as a starting point. These approaches have been very useful, but are formulated for general situations (arbitrary wellbore orientation, various types of elastic anisotropy), due to which the expressions tend to be rather difficult to solve, with a large number of independent elements in the stiffness and compliance matrices. Consequently, a common approach is to simplify the result by computing the stress solution only at the wellbore radius (Serajian and Ghassemi, 2011) and not in the surrounding rock.
In this study, by orientating the wellbore such that its longitudinal axis lies in the plane of isotropy of a transverse isotropic material, a continuous solution based on the approach by Green and Taylor (1945) superposed with pressure-loading terms to account for boundary stresses at the wellbore itself, is provided. The simplified expressions also assume a plane stress assumption. We will demonstrate in detail how the Green and Taylor (1945) solutions, and superpositions thereof, suffice to appropriately describe the safe drilling window in shale basins for commonly used wellbore orientations parallel to a regional principal stress axis (usually the axis with the least horizontal stress).
Analytical solutions for stress distributions in elastic plates due to point loads were first modeled by Michell (1900a) ; Michell (1900b) , and associated analyses were reviewed by Green and Taylor (1939) and Green (1939) , who derived analytical solutions for the stress distributions due to point loads on aeolotropic wooden plates (spruce and oak) of various dimensions (unbounded, infinite strip and bounded strip). Note that aeolotropic elastic materials may include both orthotropic and transversely isotropic materials. The analysis was furthered to account for stress distributions in aeolotropic plates loaded by a farfield tension and pierced by a circular hole (Green and Taylor, 1945) , elliptical and rectangular holes (Green, 1945b) , and hyperbolic notches (Green, 1945a) . Solutions for stresses due to a net pressure on a circular hole in a planar orthotropic plate were separately developed by Green (1942) . Additional work is found in Green and Zerna (1960) and Green (1948) .
Simplifying assumptions and justification
Our present study makes a set of simplifying assumptions, which are commonly fulfilled when drilling in the major US shale basins: (1) the elastic medium is approximately transverse isotropic, which results from platy micas defining the bulk of the anisotropic foliation in shale, with the micas oriented randomly in the assumed plane of the isotropy, (2) the longitudinal axis of the wellbore lies in the plane of transverse isotropy of the medium. With these assumptions in place, concise algorithms developed by (Green, 1942; Green and Taylor, 1945) can be adapted to describe the spatial variation of the principal stresses around a pressure-loaded wellbore at variable depth in anisotropic shale formations for a range of far-field stress conditions to account for the insitu stress state. Detailed examples are given in our study.
We wish to emphasize that the Lekhnitskii-Amadei solution (we will use LA for short in the following) is just as valid as the Green and Taylor (1945) solution (G&T solution) for the simplifying assumptions stated. We used the LA formulation in a recent study by our group (Li and Weijermars, 2019) . But LA starts from a general arbitrary orientation of (1) wellbore with respect to the coordinate system, (2) TI anisotropy axes, and (3) direction of far-field stress. Simplification of the LA solution for application in our special case (i.e., horizontal wellbores subparallel to horizontally foliated shale formations, such as is the case in all major US shale basins), is easy but requires nullifying many parameters (featuring in LA) after assumptions about the alignment of the coordinate system, material anisotropy axes and the far-field stress directions applied to the TI system. G&T made all the simplifying assumptions up front. That is the main difference between G&T and LA formulations. In fact, G&T and LA formulations can be shown to be fully convergent for the simplifying assumptions (and after certain mutations; Mimouna and Prioul, 2017) . In our opinion, for the special case of horizontal wellbores in horizontally foliated shale, it is more practical to start out with the simpler G&T equations (rather than using LA, that after simplification end up in a similar formulation).
Additionally, it is very useful to have two sets of solution methods, noting that the G&T solution is faster (and had been long overlooked). We 're-discovered' these solutions at about the same time as Mimouna and Prioul (2017) , but the latter authors have not attempted any indepth application of the G&T equations. Another reason why we prefer to use the G&T equations is that in wellbore stability analysis we have to pair the stress analysis with the rock failure criteria. The simper the stress analysis formulation, the faster will be the failure analysis, which potentially makes real-time wellbore stability analysis possible. This is our main goal, and we have added above justification for G&T versus LA in the revised MS.
The plane stress assumption, when applying the G&T solutions to shale wells, needs further justification. The Kirsch (1898) solutions applied to boreholes in isotropic rock formations, and the G&T solutions applied here to transverse isotropic shale, both assume plane stress boundary conditions. It is fairly simple to convert any plane stress solution to a plane strain solution via the strain equations and mutating the elastic constants to comply with the appropriate boundary condition. However, we prefer to use the orginal equations for plane stress, because we generally do not know which sections of the wellbore will have conditions of plane stress, plane strain or intermediate cases. Our analysis with the plane stress assumption arguably is the safest to use for wellbore stability analyses, because it computes (in Cartesian coordinates) the largest pair of horizontal stresses (σ xx , σ yy ) as follows.
The Kirsch Equations are valid for a thin plate assumption of plane stress. The plane stress condition (σ zz = σ xz = σ yz = 0) implies that the mean stress is everywhere given by: = + 3 xx yy (A). Introducing the Poisson's ratio ν, for plane strain, the mean stress is given by
xx yy (B), with the longitudinal stress given by σ zz * = ν(σ xx * + σ yy * ); the longitudinal strain is absent ε zz * = 0. For the special case of ν = 0, the longitudinal stress will vanish, but rocks have Poisson's ratio closer to 0.25. We may assume that the mean stresses for adjacent plane strain and plane stress sections of the borehole will be nearly identical such that we may equate expressions (A) and (B . This relationship says that the magnitude of the principal stresses σ xx + σ yy acting in a plane stress section of the borehole will always be larger than the plane strain case σ xx * + σ yy * by a factor 1 + ν (about 125% in practice). For plane stress, the longitudinal strain component is given by
yy where E is the Young's modulus of the material, which for practical situations are negligibly small strains that can be easily accommodated by the discontinuities in strain occurring due to variations in the elastic constants when the drill bit moves from one rock layer into the next.
Distinction of compliant and resistant transverse isotropic elastic response
The elastic response to loading of transverse isotropic plates ( Fig. 1 ) and fibers ( Fig. 1b) can be described by the same expressions, but the compliances of elastic plates and fibers are very different, which has been little emphasized in concurrent literature and therefore is a potential source of confusion in cross-disciplinary studies. We therefore introduce two terms to distinguish the behavior of the two types of transverse isotropic materials: (1) so-called compliant transverse isotropic (TI) media that stretch elastically easier along the symmetry axis than in the perpendicular direction of the isotropic plane (which applies to foliated materials such as shale, Fig. 1 ), and (2) resistant transverse isotropic media that stretch elastically less readily along the symmetry axis than in the perpendicular direction of the isotropic plane (which applies to certain natural and synthetic fibers, Fig. 1b ). Fibrous materials are difficult to stretch in the direction parallel to the fibers (ydirection in Fig. 1b ). In contrast, anisotropic plates and shales are much easier to stretch normal to the foliation (also y-axis), but less so parallel to the foliation. In other words, foliated shale possesses more resistance to deformation in the transverse direction than in longitudinal axis of symmetry. Highlighting the distinction and introducing the terms compliant and resistant (for the first time in our study) for TI materials is relevant because the transferral of the Green and Taylor (1945) Fig. 1. a: Transverse isotropy, due to layering of preferred fabric orientation in the (x,z)-plane. b: Transverse isotropy (TI) due to fiber-fabric being aligned with y-axis and isotropic elastic properties in the (x,z)-plane. The analyses for the cases (a) and (b) are mathematically identical, and in both cases the (x,y)plane is normal to the isotropy plane. solutions, which were illustrated with examples of wood fibers (oak and spruce), to transverse isotropic plates (shale) is fraught with pitfalls (which we solved in the course of our study and led us to prepare a detailed instruction in Appendix C). We also note that the transverse isotropic reference material used for shale and clay in Laubie and Ulm (2014) (their Table 3 ) is apparently for a fibrous material, as its stiffness ratios are inversely related to those of shale and clay (i.e., resistant versus compliant).
In the following analysis, the cylindrical hole is set in a reference frame that aligns the wellbore axis with the z-direction (Fig. 2 ) as in the original study of Green and Taylor (1945) . Green and Taylor applied their equation set to oak and spruce assuming the 'cut' was such that the material was approximately orthotropic and therefore, unlike the materials considered here, did not have a plane of isotropy. However, since the analysis occurs in the (x,y)-plane normal to the wellbore and the materials is under plane stress (σ zz = σ xz = σ yz = 0), provided (either) the x or y axis is aligned with the symmetry axis of a transverse isotropic material the equation set can equally be applied to the materials considered here. This is discussed in more detail in Appendix C, but in essence, the plane stress condition renders the response of the general orthotropic and the transverse isotropic elastic materials indistinguishable. Since the present analysis assumes the symmetry axis will be aligned with either the x or y axes and the wellbore is aligned with the z-direction, which is less common as other studies commonly align the wellbore with the y-axis, conversion keys for wellbores oriented parallel to another Cartesian coordinate axis are given in Appendix A.
Stress function solution for transverse isotropy: Simple case (r = a)
Using a stress function that satisfies the boundary conditions (for details see Green and Taylor (1945) ), in polar coordinates (r, θ), the tangential stress σ θ at the edge (r = a) of the circular hole in a transverse isotropic plate (oriented as in Fig. 2 ; fabric example in Fig. 2b ), subjected to, and normalized by, a uni-directional far-field stress (tension = positive) in the direction σ xx_∞ , is a straightforward analytical function (Green and Taylor, 1945) :
(1 2 cos 2 )(1 2 cos 2 ) (1)
where β 1 , β 2 are dummy parameters defined below. Note that the solution of Eq. (1) is for an open hole with boundary conditions such that, everywhere at the edge (r = a) of the circular hole, the radial stress σ r = 0. Local stresses were normalized by the far-field stress unit, which is consistently applied as a horizontal tension in all plots for uni-axial far field stress. Uni-axial deviatoric far-field stress applies to certain horizontal shale wellbores (for examples, see detailed analysis in appendix B of Thomas and Weijermars (2018) ). Practical examples of wellbore stability analysis for such cases are given later in this study. Biaxial far-field stress states are also included in our study, based on the superposition of the uni-axial solutions of Green and Taylor (1945) .
We follow the mechanical engineering sign convention in Sections 2 and 3 (for easy comparison with Green and Taylor's results); tension is positive. We strongly prefer not to switch the signs on G&T equations. That would just increase the risk of continued confusion. For example, Schmitt et al. (2012) likewise highlight the fact that many sign errors propagated throughout geomechanics literature. The cause is due to the use of a sign convention in geomechanics literature that is opposite to that use in mechanical engineering. With our stated emphasis on sign conventions, there is no room for confusion, which will benefit the readers.
The dummy constants, β 1 and β 2 [Green and Taylor, 1945 
where subscripted s's represent elements of the material compliance tensor in Voigt notation. For isotropic elastic material s 11 = s 22 = s 33 so that the product α 1 α 2 = 1. Deviations from α 1 α 2 = 1 will be seen in anisotropic materials and from this we see that α 1 and α 2 represent measures of anisotropic compliances. When the 4 required compliances for a particular transverse isotropic material are known, Eqs. (3a) and (3b) can be used to solve for α 1 and α 2 . Note that in order for the analysis of Green and Taylor (1945) to be valid, α 1 and α 2 must be real and positive. Expressions for α 1 α 2 and α 1 + α 2 formulated in terms of compliances were given in Eq. (3a,b). Explicit expressions for α 1 and α 2 in terms of the material compliances are: 
The stress Eq. (1) is symmetric in the arguments β 1 , β 2 and therefore taking either root of Eq. (4a) returns a valid set of β j . From the above equations it is clear that α 1 , α 2 will be real and positive when.
Imaginary values of α 1 and α 2 occur when the following condition is fulfilled: Fig. 2 . a: Standard case of plane stress (σ zz = σ xz = σ yz = 0) normal to a wellbore in compliant transverse isotropic shale with uni-axial tension (black arrows) applied in the direction of the xaxis can be solved using solutions by Green and Taylor (1945) . TI material symmetry axis is indicated by red arrow. The angle θ is used in Eq. (1). The distinct layering is purely for conceptual purposes and is assumed pervasive to the micro-scale corresponding to the anisotropic elastic constants used in our study. b: Scanning electron microscope image showing mineral fabric in Eagle Ford shale taken from cored wellbore (courtesy Halcon Resources). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
With these definitions in place, it is now possible to plot which combinations of α 1 and α 2 are physically permissible ( Fig. 3) .
Example uni-axial far-field stress solutions (0 < α 1 α 2 < 1; simple case r = a)
We now proceed to apply Green's equations (Green, 1942; Green and Taylor, 1945) to a comprehensive set of stiffness tensor elements for five anisotropic shale and clay rocks based on data published by Laubie and Ulm (2014) . The data in Table 1 have stiffnesses with indices in Voigt notation, while indices of elastic constants are not, as is standard in engineering literature. The stiffnesses were converted to the nondimensional dummy parameters α 1 and α 2 , used in Eq. (1). We recall that the compliance tensor, S ijkl , for an elastic solid body relates the stress tensor, σ ij , to the strain tensor, ε ij :
The complementary constitutive equation with the stiffness tensor, C ijkl , then relates the stress tensor to the strains:
While Eqs.
(1)-(7) use compliances, the sonic dipole tool and most lab measurements specify stiffnesses rather than compliances. The compliances and stiffness tensor elements from a given material relate by: C ijkl−1 = S ijkl . Standard conversions are given in Appendix A.
When the uni-axial far-field stress is parallel to the plane of isotropy and the material axis of symmetry is aligned with the y-axis, shale falls within the range 0 < α 1 α 2 < 1 (Table 1) . Fig. 4 plots the stress increases around the wellbore due to the elastic anisotropy using the values given in Table 1 for transverse isotropic shales and clays. For example, when drilling a horizontal well in an extensional shale basin, the maximum stress concentration for the balanced case in an isotropic wellbore is 3 times the far-field stress. Fig. 4 shows anisotropic shale pushes the normalized stress concentrations toward a factor 4 and beyond. The increases of the stress concentrations due to a deviatoric uni-axial farfield tension (orientation sketch in Fig. 2a ) occur at the top and bottom of the horizontal wellbore. The validity of the Green and Taylor (1945) solution is confirmed by an overlay of solutions based on the equations of Amadei (1983) with tension here taken to be positive to conform with the mechanical engineering sign convention.
Benchmark against independent solutions (simple case: R = a)
For the isotropic case (β 1 and β 2 → 0), Eq. (1) reduces to:
the solution of which is included in Fig. 4a , b. Not mentioned in Green and Taylor (1945) 
The boundary conditions used by Kirsch (1898) are the same as in the study by Green and Taylor (1945) : σ zz = σ z = 0, σ r = 0 at r = a and r = ∞ for θ = 0°; σ r =σ xx_∞ at r = ∞ for θ = 90°; σ r = 0 at r = a for θ = 90°; σ θ = 2σ 0 at r = a for θ = 0°; σ θ = 0 at r = a and r = ∞ for θ = 90°; σ θ = 0 at r = a for θ = 90°.
The stress profile in the isotropic (x,z)-plane ( Fig. 1a, b ) aligned with the far-field stress σ xx_∞ is obtained by inserting θ = 0°in Eqs. (9a) and (9b), which reduces the expressions to:
Note that stress concentrations near a borehole without any internal pressure-loading owing to the far-field stresses always have that > r xx_ xx_ . Fig. 5 gives an example of the stress distribution (normalized by σ xx_∞ ), using Eqs. (10a,b). The effects of the borehole on the redistribution of far-field stresses vanish about 10 radii away from the borehole.
Solution of the stress function results in the following relationship between the net pressure P NET and the radial and tangential stresses (σ r , σ θ ) everywhere near the hole with radius a (Saada, 1993) 
One can easily superimpose the stress locally induced due to a net pressure P NET on the wellbore of Eqs. (11a-c) by simple addition to the Kirsch solutions of Eqs. (9a)-(9c) for an isotropic borehole, according to the principle of superposition (Fjaer et al., 2008; Jaeger et al., 2007; Zang and Stephansson, 2010; Zoback, 2007) .
The decay of the radial and tangential stresses away from such pressured boreholes was systematically scaled and graphed for a variety of internal and external boundary conditions in a recent review by Thomas and Weijermars (2018) . However, the stress induced in transverse isotropic media requires an advanced approach, as elaborated further in our present study. A major difference with the isotropic analysis is that in the anisotropic analysis of wellbore stresses, the elastic properties of the rock need to be known. This is not required for isotropic rocks, where a far-field boundary stress condition suffices to compute the local stress (as in Eqs. (9a-c)). This holds also true for stress due to the internal net pressure on the wellbore ((Eqs. (11a-c)). A solid proof for the invariance of solutions for any isotropic elastic properties is given in terms of compatibility equations by Timoshenko and Goodier (1951) (p. 24) . In contrast, superposition of the locally solved stress states due to both wellbore net pressure and far-field stress in anisotropic rocks need to take into account the elastic compliances, as detailed in the following sections of this study.
Further examples of uni-axial far-field stress solutions (0 < α 1 α 2 ; simple case r = a)
Because shale and clay (Table 1 ) occupy a relatively limited part of the α 1 , α 2 spectrum, a number of additional hypothetical test materials are assumed to map a broader range of anisotropic effects. Solutions for the principal stress magnitudes and stress trajectory patterns in anisotropic shale and a number of synthetic test materials are computed. Table 2 lists the stiffnesses for those test materials. The test materials of Table 2 include both systems that are so-called resistant transverse isotropic (α 1 α 2 > 1) and compliant transverse isotropic (α 1 α 2 < 1). Appendix C includes a concise overview of the orientation of the coordinate axes and the uniaxial stress orientation assumed for the two types of transverse isotropic materials, and the corresponding value range of the product α 1 α 2 . Fig. 6a shows the combinations of parameters α 1 α 2 and α 1 + α 2 in the valid (blue field) solution space.
The stress concentrations for the test materials include higher concentrations (up to a factor of 11 for M3) than reached for the limited number of shale samples in Fig. 4 . Fig. 6b , like in Fig. 4 , assumes the isotropy lies in the (x,z)-plane and the test sample is stretched by tension in the x-direction. The same stress concentrations would arise for horizontal compression, but with opposite sign. However, the nature of Green and Taylor (1945) solution is such that for the base case coordinate system of Fig. 2a , transversely compliant media ( Fig. 1a) have (2019)).
Fig. 5. Stress concentration and dissipation near open hole due to a uni-axial
far-field stress (using Eqs. (10a,b)) without any internal pressure of the wellbore. Line of sight is for θ = 0°. The far-field stress (tension is positive) is nearly at 100% strength at a distance of 10 times the hole's radius, but vanishes entirely at the hole's margin. In contrast, the far-field tangential stress increases toward the hole and reaches a maximum value of twice the far-field stress at the hole's margin. The far-field stress dissipates toward the hole but has only lost 3% of its value at a location 6 radii away from the hole, but loses another 25% when only 2 radii away from the center, until it becomes 0 at the wellbore. the range of possible α 1 α 2 values limited to 0 < α 1 α 2 < 1 at all times. Resistant transverse isotropic materials cover, for the same symmetry orientation, the range α 1 α 2 > 1 (see Appendix C for details). Materials (M9-12) in Fig. 6b are resistant TI materials and have stress concentrations at r = a for θ = 90°lower than for the isotropic elastic case (material M7). However, note that the compressive stress concentrations at r = a for θ = 0°and 180°(negative vertical scale values in Fig. 6b ) are higher than for the isotropic reference case (M7). The sign convention used in the work of Green and Taylor (Green, 1942; Green and Taylor, 1945) , as in the isotropic work of Kirsch (1898) , is a mechanical engineering one, which assigns positive values to tension and negative to compression. To comply with the opposite sign convention used in geomechanics (tension negative and compression positive), the solutions of all expressions in Sections 2 and 3 simply need to be multiplied by −1.
Complete 2D solution far-field stress (r > a) with superposition of wellbore pressure
Stress distributions around circular holes in plates with isotropic elastic properties subjected to a uni-axial far-field tension have been first modeled analytically by Kirsch (1898) , based on the contemporary textbooks by Bach (1898) and Föppl (1897) . The Kirsch equations assume homogeneous, linear elastic response using a thin plate assumption. Applications of the Kirsch equations, after adding terms to account for the effect of pressure-loading in the hole have been used in numerous prior studies of borehole stress analysis (Fjaer et al., 2008; Jaeger et al., 2007; Zoback, 2007; Zang and Stephansson, 2010; Schmitt et al., 2012) . Although the expressions for the plane stress isotropic cases are very simple, the range of boundary conditions is infinite, ranging from uni-axial 2D to bi-axial 2D stress states, with superposed wellbore pressures, either countering or intensifying the local effect of the wellbore far-field stress (as recently detailed in the so-called atlas of stress trajectory patterns and stress magnitudes around cylindrical holes; Thomas and Weijermars (2018) ). Particularly novel was the recognition of neutral points, where stress reversals occur. The expressions below allow for further expansion of this work to boreholes in anisotropic elastic rocks with transverse isotropic symmetry.
Solution: uni-axial far-field stress (r > a)
Expressions for the full stress field around a hole of radius a in a planar orthotropic medium (β 1 , β 2 > 0) due to a uni-axial far-field stress are given by Green and Taylor (1945) 6 . a: Plot includes combinations of α 1 α 2 and α 1 + α 2 for the 12 'test materials' (black dots, see Table 2 ) and the shale and clay samples (red dots, Table 1 ). b: Tangential stress magnitude at the wellbore for one perfectly isotropic reference material (M7) and a range of test materials (Table 2) with stress concentrations at θ = 90 being higher (M1-6) or lower (M9-12) than the isotropic case (M7). Based on Table 2 
Eqs. (4.2) in Green and Taylor (1945) have errors/typos that lead to the equations not being symmetric in β 1 , β 2 . (13c) has the required correction of the original eq. 4.3 given in Green and Taylor (1945) , which uses β 1 2 instead of β 2 2 . Note that the dummy constants β 1 and β 2 in Eqs. (12a-c) represent the elastic properties of the material as given in Eqs. (2a,b) of this study. The square roots in the above formulae can be evaluated by the following rule (Green and Taylor, 1945) :
Letting:
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where the arguments ϕ 1 and ϕ 2 must are chosen to lie in the branch −π < ϕ 1, 2 < π, and both R 1 and R 2 are positive, square roots are given by R 1 1/2 e (1/2)iϕ1 and R 2 1/2 e (1/2)iϕ2 .
Solution: internal net pressure on borehole with elastic TI anisotropy
The expressions to solve the full stress field around a hole of radius a in the orthotropic, transverse isotropic medium (β 1 , β 2 > 0) due to an internal net pressure P NET are (Green (1942) , eqs. 10.5-10.7): 
Eqs. (10.6) in Green (1942) again have errors/typos leading to the equations not being symmetric in β 1 , β 2 . The equations above have been corrected. We again note that, unlike the isotropic solution of Eqs. (11a-c) which do not need any input for elastic properties for reasons explained in detail in Timoshenko and Goodier (1951) , the anisotropic solution of Eqs. (14a-c) need the elastic properties as captured in the dummy constants β 1 and given in Eqs. (2a,b), and included in the complex numbers X 1,2 as follows:
and the arguments are again chosen to lie within the branch −π < ϕ 1, 2 < π.
For boreholes subjected to both a far-field stress and internal net pressure, the local state of stress around the borehole requires superposition of Eqs. (12a-c) and (14a-c), appropriately adapted to the local stress state as shown in the cases analyzed later in this study.
Conversion of radial and tangential stress to principal stress
Radial and tangential stresses, given by Eqs. (12a-c) and (14a-c), are not necessarily coincident with principal stresses, especially further away from the wellbore in both isotropic and anisotropic elastic materials. Local differences between radial and tangential and principal stresses occur in contour maps for stress magnitude (Thomas, 2017) . Radial and tangential stresses cannot be used in failure criteria required for wellbore stability analysis, which commonly use principal stress tensor elements only. Below equations convert the radial and tangential stresses first to Cartesian stresses: 
The magnitudes of the principal stresses, σ 1 and σ 2 , again normalized by the applied far-field stress,σ xx_∞ , can be obtained by substituting the Cartesian stresses σ xx , σ yy and σ xy of Eqs. (17a-c) in the standard expressions for determining the principal stresses everywhere in the plane of observation: 
Istropic base cases with uni-axial and biaxial deviatoric far-field stress
Borehole problems in geological and geotechnical applications with deformation near the borehole and associated stress concentrations are typically studied using analytical expressions known as the Kirsch equations (Fjaer et al., 2008; Jaeger et al., 2007; Zang and Stephansson, 2010; Zoback, 2007) , based on earlier work by Kirsch (1898) . The original Kirsch (1898) solution applied for a thin strip (ensuring plane stress conditions) with a hole subjected to a uniaxial deviatoric far-field tension). Borehole applications have been developed by superposition of various stress fields. Kirsch solutions based on stress function superposition can vary over a broad range even in isotropic rocks, depending on the relative magnitude of the far-field deviatoric stresses as well as the pressure due on the wellbore as a result of the mud load and formation fluid pressure (Thomas, 2017; Thomas and Weijermars, 2018; Weijermars, 2011 Weijermars, , [2013 Weijermars, , [2016 Weijermars et al., 2013) . Fig. 7 , Row I shows examples of the stress distribution (orientation and magnitudes of the principal stresses) around a cylindrical borehole with no internal pressure and a uni-axial far-field tension. The stress trajectory patterns change when the boundary conditions on the inner and outer boundaries change. Fig. 7 , Row II is for an unpressured cylindrical hole with a bi-axial far-field plane stress. Fig. 7 , Row III shows how stress trajectories and stress magnitude change further when the net pressure in the borehole increases from 0 to 1.66 times the farfield stress. However, the Kirsch equations are no longer feasible for boreholes in transverse isotropic rocks.
The principal stress trajectory pattern near the anisotropic borehole traces the inclination ξ of a principal stress trajectory with respect to the Fig. 7 . Stress trajectories (Column a) and principal stress magnitude contours (Columns c,d) for three cases. Row I: Uni-axial far-field tension in vertical direction, without any net pressure on the borehole, thus a balanced wellbore. Row II: Bi-axial far-field (plane) stress (vertical tension, horizontal compression) without any internal net pressure on the hole. Row III: Plane far-field stress (vertical tension, horizontal compression) with internal hole pressure 1.66 times the external compressive stress, thus an overbalanced wellbore with a stress cage outlined by the elliptical stress trajectories through the neutral points (red dots). Column a: Principal stress trajectories are shown for the local deviatoric compressive stress (blue), mostly oriented horizontally in the image, and tensional stress τ 3 (green), mostly oriented vertically. Considering the wellbore as a unit circle, the points of neutral stress occur at (r, ϑ) = [(r, π/4), (r, 3π/4), (r, 5π/4), (r, 7π/4)]. Column b: Isobars for the local magnitude of compressive stress near the borehole. Column c: Isobars for the magnitude of principal deviatoric tension stress near the borehole. Local stress magnitudes are normalized by the applied compressive far-field stress. Stress isobars give stress concentrations near the borehole. Stress values in these images are positive for compression and negative for tension, according to the sign convention used in geomechanics (after Thomas and Weijermars (2018) ). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
x-axis, ξ=0 (Weijermars, 2011 (19a,b) outline the stress trajectories in any spatial plane perpendicular to the wellbore. Although the principal stress trajectory patterns are not normally taken into account during the wellbore stability analysis, their importance has been recently emphasized in various studies (Thomas and Weijermars, 2018; Weijermars, 2013) . This is because stress trajectories provide useful information about the potential instability locations and the expected fracture propagation paths.
Andersonian tectonics with uni-axial and biaxial deviatoric far-field stress
Superposition of the two perpendicular uni-axial solutions of Green and Taylor (1945) can be used to solve for stress states around wellbores drilled such that a biaxial stress occurs in the plane normal to the wellbore. Deviatoric stress concepts have been used for decades to determine the redistribution of stress conditions around the wellbore, as reviewed in our prior study of stress trajectory visualization for boreholes in isotropic elastic rocks (Weijermars, 2011; Thomas and Weijermars, 2018) . Using deviatoric stresses τ ij (rather than total stress, σ ij ) to determine the redistributed stress conditions around the wellbore has the advantage of taking out the confining pressure term P = (σ 1 + σ 2 + σ 3 )/3, using τ ij = σ ij − P: even when P changes with depth, the deviatoric stress trajectories at the moment of failure (as separately quantified by applying a range of failure criteria, applying total stress) can be directly compared at every depth. The method allows for more insightful portrayal of the safe drilling window as detailed in recent companion studies (Wang and Weijermars, 2019a,b) .
Determination of the deviatoric stress is not affected by either isotropic or pervasively anisotropic elasticity of rocks. Any representative rock volume located at the future wellbore perforation will experience a certain confining pressure due to depth. When the drill penetrates the rock, the stress concentrations around the wellbore simply add a constant term to the local deviatoric stress as given by:
In a shale basin with Andersonian far-field stress regimes, the intermediate stress axis is always equal to the confining pressure and no residual deviatoric stress occurs in that direction by definition. Depending upon the orientation of the welllbore, uni-axial or bi-axial far-field deviatoric stress conditions may occur in the plane normal to the wellbore. All possible situations are illustrated in appendix B of Thomas and Weijermars (2018) . An example for an extensional basin is reproduced in Fig. 8 . Examples of the relationship between crustal movement, total stress and deviatoric stress have been given in other prior studies (Weijermars, 1993 (Weijermars, , 1998 .
Superposition of anisotropic solutions
Stress superposition principles are applied, using the uni-axial solution of Eqs. (12a-c) and the pressure loaded borehole solution using Eqs. (14a-c). The cases analyzed further in this study include solutions for: (1) a non-pressurized wellbore with a uni-axial far-field stress, (2) a pressurized wellbore with a superposed uni-axial far-field stress ( Fig. 9a) , (3) a non-pressurized wellbore with a bi-axial far-field stress (Fig. 9b) , and (4) pressurized wellbores with a superposed biaxial farfield stress (Fig. 9c ). Tensile and compressional principal stresses need to be swapped if the superposed far-field stress is a compression instead of a tension. Invariably, biaxial deviatoric stress states due to Andersonian tectonic total stresses involve two perpendicular deviatoric stresses of opposite sign (see Fig. 8 ).
Principal stress pattern solutions for anisotropic test materials
Shales and clays typically possess the property that the material compliance in the direction of symmetry is greater than that in the orthogonal isotropic plane. In such materials, when a far field tension is applied parallel to the x-direction of symmetry (oriented such that the x-z plane is the isotropic plane), a value of α 1 α 2 < 1 will result. If (only) the material is then 'rotated' by 90°such that the material axis of symmetry lies parallel to the x-axis (and hence the y-z plane is now isotropic) input values to Green & Taylor's equation will now have thatα 1 α 2 > 1 (see Fig. C6 in Appendix C).
The test materials plotted in Fig. 6b cover both the ranges α 1 α 2 < 1 and α 1 α 2 > 1, and are illustrative of what stress concentration patterns near wellbores in anisotropic formations may look like. Examples of the full stress magnitude contours up to 5 radii away from the unit wellbore are plotted in Figs. 10-15. For M1-3 (Fig. 10) the regions in the direction of the horizontal layering directly adjacent to the horizontal wellbore is that increasingly stress free when α 1 + α 2 increases. For example, for α 1 + α 2 =10, almost no stress occurs in the layers at the height of the wellbore diameter. Instead, tensile stress due to the farfield tension is leveraged to increase above and below the wellbore. The large blue X-shaped contours, appearing in the upper images of Figs. 10 and 11, mark the locations of potential shear failure. For higher α 1 α 2 → 0.5 (Fig. 11 ) similar effects are seen when α 1 + α 2 →10. The value of α 1 α 2 =0.5 and α 1 + α 2 =2 (Fig. 11 , central image for M5) is close to that of most shale and clay samples listed in Table 1 .
Isotropic materials have that α 1 α 2 =1 and α 1 + α 2 =2 (Fig. 12 , left for M7). Solutions allow for α 1 α 2 =1 and α 1 + α 2 > 2, and one case is shown for α 1 α 2 =1 and α 1 + α 2 =10 (Fig. 12, right for M8) . The physical interpretation is that the Young's moduli are the same, but Poisson's ratio and shear modulus deviate from isotropy.
As stated above, shale falls in the range α 1 α 2 > 1 only when the uniaxial stress is applied parallel to the direction of symmetry (perpendicular to the isotropic plane). The required 'compliance switch' when using G&T equations for uni-axial far-field stress applied parallel to the isotropic plane is described in Appendix C.
For the cases α 1 α 2 =2.5 (Fig. 13; M9 and M10) and α 1 α 2 =5 (Fig. 14;  M11 and M12) we see again the tendency to have stress removal, now in the vertical layer over the width of the borehole diameter. Shear failure along the blue cross seen in top plots of Figs. 10 and 11 do not seem to appear for α 1 α 2 > 1 ( Figs. 13 and 14) .
Shale with pressure-loaded borehole and far-field stress
For a real-world example of stress concentrations in a pressureloaded borehole with a superposed far-field uni-axial deviatoric stress, Muderong shale is taken as a typical case. An example in which only a (normalized) positive (expansive) net-pressure is applied to the borehole when the plane of isotropy lies in the x-z plane (and hence α 1 α 2 = 0.5717 and α 1 + α 2 = 2.5719; see Table 1 ) is shown in the top row of Fig. 15 . The tangential and radial stress fields have marginally higher concentrations at the borehole edges aligned with the axis of symmetry of the shale. At this point we note a typical clover-shaped pattern of upper right image in Fig. 15 was also produced in Fairhurst (1964) , who used tangential stress solutions of Lekhnitskii (1963) . Our solutions in Fig. 15 are for the principal stresses, which differ from the stresses devolved according to the polar coordinate system used by Fairhurst (1964) , but for a pressure-loaded borehole without a far-field stress such stresses converge in both notations. The middle row in Fig. 15 shows the stress field when only a uniform tension applied at infinity parallel to the x-axis. As expected, results for this case are similar to those for the test material M5 (shown in the middle column of Fig. 11 ). The bottom row of Fig. 15 shows the stress field when the borehole is Fig. 8 . Principal total stress for extensional basin (top) and tension failure planes (normal to the least principal stress) visualized for three potential options for wellbore placement. Option A shows horizontal wellbore with principal deviatoric stresses and tension fractures transverse to the wellbore aligned with τ 3 . Option B shows horizontal wellbores aligned with τ 2 for which orientation only longitudinal tension fractures can be induced. Option C is a design of vertical wellbores aligned with τ 1 , for which orientation also only longitudinal tension fractures are possible. Bottom row images show principal stresses in the plane normal to the wellbore being either uni-axial (Options A and B) or bi-axial (Option C). Total stresses, σ ij , in top diagram and deviatoric stresses, τ ij , at the wellbore (boxed diagrams) may differ in sign due to subtraction of the pressure from the total stress to obtain the deviatoric stresses: τ ij = σ ij -P, with P = (σ 1 + σ 2 + σ 3 )/3 for 3D stresses and P = (σ 1 + σ 3 )/2 for 2D (plane) stress. Fig. 9 . a-c: Superposition principle of stress solutions. Superposed stresses must be deviatoric to ensure σ zz = σ xz = σ yz = 0 (plane stress), which is a required boundary condition for the Green and Taylor (1945) equations to be valid. Fig. 10 . Stress magnitude contours for compressional (top) and tensile (bottom) principal stress near a borehole for M1, M2 and M3 (α 1 α 2 = 0.1 and, respectively, α 1 + α 2 =0.75, 2, and 10; from left to right). Uni-axial tension is applied in x-direction and assuming the material is shale/clay like (larger material compliance in the direction of symmetry) the plane of isotropy is the (x,z) plane. Fig. 11 . Stress magnitude contours for compressional (top) and tensile (bottom) principal stress near a borehole for M4, M5 and M6 (α 1 α 2 = 0.5 and, respectively, α 1 + α 2 =1.6, 2, and 10; from left to right). Uni-axial tension is applied in x-direction and assuming the material is shale/clay like (larger material compliance in the direction of symmetry) the plane of isotropy is the (x,z) plane.
pressurized and subject to a far field uniform tension of the same magnitude. As expected, the effect of the pressurization is to reduce the magnitude of both the tensile and compressional stress fields in the vicinity of the borehole.
Implications for wellbore stability
Determination of the stress distribution around a wellbore drilled in an anisotropic formation can improve the accuracy of wellbore stability analysis (WBA) of horizontal wellbores in shale formations. Until now, common WBA tools still assume isotropy, even when drilling in shale formations, which are known to be elastically anisotropic (Fig. 2b , Table 1 ). In this section, stress trajectory patterns and stress concentrations for wellbores drilled in anisotropic formations are compared to those for isotropic formations. In the material plane of observation normal to the wellbore, the far-field deviatoric stress, due to an assumed Andersonian 3D total stress state, may be either uni-axial or bi-axial (e.g. Fig. 8 ). For the uni-axial case, it is assumed that there is only compressive stress along the horizontal direction with magnitude of 1.0. For the bi-axial case, unit-magnitude tensile stress exists along the vertical direction, in addition to the uni-axial stress state along the horizontal direction. The sign convention in WBA is followed in Sections 4 and 5, which is opposite to the sign convention of classical mechanical engineering used in Sections 2 and 3 for reasons stated. Based on the systematic insight outlined in this section, the final section of our main analysis will integrate the stress concentrations at potential failure locations with rock failure criteria to investigate the near wellbore instability induced by formation anisotropy.
Stress trajectories: anisotropic versus isotropic
Distinction between underbalanced, balanced and overbalanced wellbores is important when determining the safe drilling window (Wang and Weijermars, 2019a,b) , because each of these conditions corresponds to their own typical stress trajectory patterns. The example of Fig. 16 shows the stress trajectory patterns for Muderong shale using three representative cases of net pressures on the wellbore: underbalanced (P NET = −5), balanced (P NET = 0), and overbalanced (P NET = 5) in the presence of a uni-axial (top) and a bi-axial (bottom) far-field stress aligned with the horizontal axis (from left to right in Fig. 16 ). The net pressure and the calculated stress magnitudes in Fig. 16 are normalized by the maximum horizontal far-field stress and are dimensionless. The net pressure is the net force on the wellbore wall due to the formation pore pressure and the wellbore pressure induced by drilling fluid weight (Weijermars, 2016) . Therefore, the net pressures of −5, 0 and 5 correspond to situations of net pressure gradients of −0.5, 0 and 0.5 psi/ft with a deviatoric stress gradient of 0.1 psi/ft (Table 3) .
When the wellbore is underbalanced (the net pressure is negative), the radial deviatoric stress at the wellbore is minimum, and the tangential stress is the maximum compressive stress. The blue and green curves in Fig. 16 , respectively, represent the trajectories of the maximum and minimum principal stresses. The red dots indicate the neutral points, where the principal stresses reverse their relationships with the radial and tangential stresses. The ellipse contoured by the trajectories within the neutral points indicate a fracture cage exists for the underbalanced well (left column images in Fig. 16 ). The fracture cage prevents a fracture from escaping the cage as a fracture always propagates along the direction of the maximum principal stress. Inside the fracture cage, the principal deviatoric tension stress follows concentric rings so that any radial fracture emanating from the wellbore into the fracture cage space will remain trapped inside and rotate into the direction of the concentric tension rings (red curves at P NET = −5 in Fig. 16 ) (Weijermars, 2013) . and tensile (bottom) principal stress near borehole for M7 (α 1 α 2 = 1 and α 1 + α 2 =2, which is the isotropic case, left) and additional case M8 (α 1 α 2 = 1 and α 1 + α 2 =10, right). Uni-axial tension is applied in x-direction and assuming the material is shale/clay like (larger material compliance in the direction of symmetry) the plane of isotropy is the (x,z) plane.
When the wellbore is overbalanced and the net pressure is positive, the radial deviatoric stress at the wellbore is the maximum compressive stress, and the tangential stress is the minimum extensional stress. Again a pair of the neutral points occurs, wit an inscribed ellipse, which is now called a stress cage (red curves at P NET = +5 in Fig. 16 ). The stress concentration within the stress cage induced by the drilling fluid is higher than the minimum horizontal stress. The term 'stress cage' has been used to describe the rise in tangential stresses around a wellbore due to dilation and propping of early radial fractures.
For the uni-axial far-field stress case, the maximum horizontal deviatoric stress is 1.0 and the minimum horizontal deviatoric stress is 0. For the bi-axial far-field stress case, the maximum horizontal deviatoric stress is 1.0 and the minimum horizontal deviatoric stress is −1.0. Such cases apply to a horizontal well aligned with the minimum horizontal stress in an extensional and a strike-slip basin, when the intermediate far-field stress is the mean value of the maximum and minimum farfield stresses (σ 2 = σ 1 + σ 3 ). For example, the uni-axial stress state is achieved with gradients of the maximum horizontal, minimum horizontal and vertical stresses of 1.1, 0.9 and 1.0 psi/ft in a strike-slip basin and that of 0.9, 0.8 and 1.0 psi/ft in an extensional basin, respectively (Table 3 ). The gradients of the deviatoric stress are 0.1 psi/ft for both cases. On the other hand, the bi-axial deviatoric far-field stress state occurs when the wellbore trajectory is aligned with the intermediate far-field stress, i.e. the well aligned with the minimum horizontal stress, vertical stress and maximum horizontal stress in a compressional, strike-slip and extensional basins, respectively. For example, if a well is drilled along the minimum horizontal stress in a compression basin with the 1.2, 1.1 and 1.0 psi/ft of the maximum and minimum horizontal, and vertical stress gradients, the maximum horizontal and vertical deviatoric stress gradients are 0.1 and − 0.1 psi/ft, respectively.
A comparison with the stress trajectories for the same boundary conditions in isotropic rock is described with dashed curves in Fig. 16 . The stress trajectories of Fig. 16 are a concise way to demonstrate that the transverse isotropy of shale does not significantly affect the stress trajectory patterns. The distances from the wellbore to the neutral points are only slightly shifted outward for the anisotropic case. For the anisotropic Muderong shale formation under the uni-axial far-field stress condition, a pair of the neutral points is observed at ± 4.13 (underbalanced) and ± 3.57 (overbalanced) times the unit wellbore radius from the wellbore center (solid curves at the top row in Fig. 16 ). For the isotropic case, the isotropic point distances are smaller with the neutral points located at ± 3.53 and ± 3.27 times the wellbore radius for underbalanced and overbalanced wellbore, respectively (solid curves at the top row in Fig. 16 ). Therefore, the major radii of the fracture and stress cages are larger (0.6 and 0.3 times wellbore radius) for the anisotropic shale formation than for the isotropic case. On the other hand, a similar trend is observed from the results of the bi-axial far-field stress condition (the bottom row in Fig. 16 ). For the anisotropic formation, it was found that the neutral points are located at ± 2.91 (underbalanced) and ± 2.70 (overbalanced) times wellbore radius from the center, while pairs of the neutral points in the isotropic formation are observed at ± 2.56 times for both underbalanced and overbalanced wellbores. Consequently, the fracture and stress caging effects are slightly stronger if the anisotropy of the formation is taken into account. Fig. 13 . Stress magnitude contours for compressional (top) and tensile (bottom) principal stress near borehole for M9 (left) and M10 (right) with α 1 α 2 = 2.5; α 1 + α 2 =4 and 10, respectively. Uni-axial tension is applied in x-direction and assuming the material is shale/clay like (larger material compliance in the direction of symmetry) the plane of isotropy is the (y,z) plane.
Stress concentration: anisotropic vs. isotropic formations
Not only the principal stress trajectories, but the stress magnitudes also play an important role in any wellbore stability analysis. Integrating the concentrated stress magnitudes with selected rock failure criteria, the safe window of the drilling fluid weight can be determined. Since the formation is elastically anisotropic, it is useful for a more reliable wellbore stability analysis, to investigate the effect of the formation anisotropy on the principal stress magnitudes. Unlike the mechanical engineering sign convention used in Section 3, we use the geomechnical sign convention in Section 4, with compressional stress positive and tensional stress negative. The stress concentration increases of Fig. 17 are valid for a horizontal wellbore in a strike-slip basin ( Table 3) .
The full stress field around the wellbore for the uni-axial far-field stress case is mapped for the anisotropic Muderong shale (A) and the isotropic reference (I) in Fig. 17 (top and middle rows, respectively) . From the left to right columns, the net pressure (P NET ) of the wellbore is −5 (underbalanced), 0 (balanced) and 5 (overbalanced). The largest maximum principal stresses are concentrated at the same locations for both anisotropic and isotropic cases, which implies that the potential failure locations are identical. However, for the anisotropic case (Fig. 17, top left) the maximum principal stress concentration (which is the compressional stress tangential to the borehole wall) is largest for the underbalanced wellbore. The anisotropic formation with the balanced and overbalanced borehole also shows large stress concentrations at the wellbore as compared to the isotropic case, but the difference is smaller than for the underbalanced cases. For the bi-axial case, a similar trend can be observed (Fig. 18 ). Although the potential failure locations for both the anisotropic and isotropic formations are identical, higher stress concentrations are observed for the underbalanced and balanced wellbore conditions. The bottom rows in Figs. 17 (bottom row) and 18 depict the deviatoric stress difference around the borehole in the anisotropic and the isotropic (A-I) formations with the contour range of −2 to 2. The plots of the stress residuals in Figs. 17 and 18 (bottom row) emphasize that the formation anisotropy affects the principal stress magnitudes. Since the safe drilling window and selection of the drilling fluid density depend on the stress magnitudes and failure conditions for the wellbore rock, the anisotropy needs to be taken into account for a reliable wellbore stability analysis. Section 5 analyzes the safe drilling windows. However, first we systematically investigated the stress concentrations for a range of elastic anisotropic cases (Sections 4.3-4.6).
Principal stress magnitudes around underbalanced wellbore
As described in Section 4.1 and 4.2, the stress distributions including the magnitudes and trajectories for both the uni-axial and biaxial deviatoric stress conditions show the higher stress concentrations at the potential failure locations, occur at θ = π/2 for the underbalanced or balanced wellbore and θ = 0 for the overbalanced wellbore. Since the difference between the results of the uni-axial and biaxial conditions are insignificant, the stress concentrations at the potential failure locations for the uni-axial stress case will be further investigated in this section.
In Sections 4.3-4.5, the tangential stress is always maximum and the radial stress is always minimum for the underbalanced and balanced wellbore at the potential lower-bound shear failure location (θ = π/2). In addition, the radial and tangential stresses concentrated at the potential upper-bound shear or tensile failure location (θ = 0) are always maximum and minimum for the overbalanced wellbore, respectively. The maximum and minimum principal stress magnitudes around an underbalanced wellbore (P NET = -5) drilled in the anisotropic Muderong shale (Fig. 19a-d) is compared the isotropic case ( Fig. 19e-h) . The x-axes of the stress magnitude plots are aligned with the maximum compressive principal stress direction. In Fig. 19a , c, e and g, the non-dimensional stress magnitudes are plotted for a region ranging from −5 to 5 times wellbore radius. In order to closely investigate the effect of the formation anisotropy on the potential instability of the wellbore, the stress concentration at the possible failure locations are magnified for lower-bound shear failure (θ = π/2; Figs. 19b and f), for upper-bound shear or tensile failure (θ = 0; Figs. 19d and h) . Table 4 contains the stress magnitudes at the potential failure locations of the Muderong shale and isotropic formations.
The shapes of the stress magnitude contours are not significantly affected by anisotropy, as follows from comparing the maximum principal stress magnitudes of the anisotropic and isotropic cases ( Fig. 19a  and e ). However, the stress concentration at the potential lower-bound shear failure location ( Fig. 19b and f) is much higher if elastic anisotropy occurs. For example, the maximum principal stress concentration for the anisotropic Muderong shale is 10.4, which is 29.7% higher than the 8.0 for the isotropic case (Table 4 ). However, the minimum principal stress concentrations at the potential tensile failure location (θ = 0) are identical for both cases (−5). The contour shapes of the minimum principal stress in Fig. 19c and g indicate that the formation anisotropy deviates the stress contours in both horizontal and vertical direction.
In order to investigate the stress concentration increase at the potential lower-bound shear failure location, the difference of the stress magnitudes in the isotropic and anisotropic formations is quantified. Fig. 20a shows the difference of the maximum principal stress at the potential shear failure location between the anisotropic Muderong shale and the isotropic case. Within the blank area at the lower portion of Fig. 20a, b , the anisotropic coefficients, α 1 and α 2 , have imaginary values. In addition, the stress magnitudes cannot be determined with the α 1 and α 2 values on the dashed line, which occurs when α 1 + α 2 =1α 1 α 2 such that parts of the Eqs. (14) and (16) reach infinity. Since the contours in Fig. 20a, b represent the difference between the stress concentration of anisotropic and isotropic formations, the formation with the α 1 and α 2 values on the red curve have the same stress magnitude as the isotropic formation.
The dashed rectangular in Fig. 20a is magnified in Fig. 20b . The anisotropic cases described in Table 1 are represented with red circles, (1) Clay model, (2) Cretaceous shale, (3) Muderong shale, (4) Kimmeridge clay and (5) Woodford shale. The black circles represent the isotropic formation (α 1 α 2 = 1 and α 1 + α 2 = 1.999). For the underbalanced case (P NET = -5), the stress concentration increases with the lower α 1 α 2 and higher α 1 + α 2 values. Stress concentrations are larger when the elastic anisotropy increases. The difference induced by the Clay model case shows the highest value (5.04) with its lowest α 1 α 2 (0.491) and highest α 1 + α 2 (3.614). On the other hand, the Woodford case shows that the difference induced by the elastic anisotropy is only 0.36 due to its very low α 1 + α 2 value (1.582). . 16 . Principal stress trajectories of anisotropic (solid; Muderong shale) and isotropic (dashed) cases with normalized net pressure (P NET ) of −5, 0 and 5 (from left to right). The uni-axial and bi-axial far-field stress cases are described at the top and bottom row, respectively. Fracture and stress cages are larger for the anisotropic case as distances of the neutral points increase (4.13 and 3.53 for the uni-axial case, and 2.91 and 2.70 for the bi-axial case for at P NET = − 5 and 5) as compared to the isotropic case (3.57 and 3.27 for the uni-axial case, and 2.56 and 2.56 for the bi-axial case at P NET = − 5 and 53.57 and 3.27 for P NET = − 5 and 5). For the underbalanced wellbore (P NET = -5), the fracture caging effects are observed for both the anisotropic (red ellipse) and isotropic (red-dashed ellipse) cases. The stress caging effects are shown in the anisotropic (red ellipse) and isotropic (red-dashed ellipse) cases, for the overbalanced wellbore (P NET = 5). The vertical and horizontal dimensions of the plots range from −5 to +5 times the wellbore radius. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
Fig
Principal stress magnitudes around balanced wellbore
The maximum and minimum principal stress magnitudes around a balanced wellbore (P NET = 0) are shown in Fig. 21 . The stress magnitude contours and the stress concentrations at the potential failure locations are mapped in Figs. 21a, c, e, and g, and in Figs. 21b, d, f and h. Since the wellbore is assumed to be balanced, the stress concentrations near the wellbore occur in a narrower range ( ± 4) as compared to the underbalanced case (−10). The shapes of the stress contours are slightly altered by the formation anisotropy. In addition, stress concentration at the potential lower-bound shear failure location for the anisotropic Muderong shale is higher than for the isotropic case. Table 4 indicates that the maximum principal stress concentration of 3.7 at θ = π/2 for the Muderong is 22.2% higher than that the 3.0 for the isotropic case. However, the minimum principal stress at the potential lower-bound shear or tensile failure location for the anisotropic shale is 0.76, which is 23.7% lower than the 1.0 for the isotropic.
The difference between the maximum principal stress concentration for the anisotropic and isotropic cases at the potential lower-bound shear failure location (θ = π/2 or 3π/2 at wellbore wall) is mapped in Fig. 22 . Similar to the underbalanced case, the stress concentration for anisotropic formations increases as the value of α 1 α 2 decreases and increases with α 1 + α 2 (Fig. 22a ). In Fig. 22b , the stress concentrations in the range of 0≤α 1 α 2 ≤1 and 0≤α 1 + α 2 ≤5 are magnified. All of the anisotropic cases in Table 1 induce higher maximum principal stress at the potential shear failure location as compared to the isotropic case. In addition, the stress concentration increase is highest for the Clay model (1.20), while the maximum principal stress increase is lowest for the Woodford shale (0.33).
The minimum principal stress at the potential tensile failure location (θ = 0 or π at wellbore wall) is depicted in Fig. 23 . Reader should note that the larger magnitude of the negative value indicates the more minimum stress concentration. The difference of the minimum principal stress for the balanced wellbore shows that the additional stress concentrated by the formation anisotropy strongly depends on the value of α 1 α 2 , which represents the anisotropy of the Young's moduli. Fig. 23b shows the minimum stress magnitude difference induced by the Cretaceous shale has the lowest stress concentration increase of 0.19. Moreover, the Clay model and Kimmeridge clay, with the largest elastic anisotropy of the Young's moduli (0.491 and 0.493, respectively) show the highest stress concentration difference of 0.30. Fig. 24 depicts the maximum and minimum principal stress magnitudes for the overbalanced wellbore (P NET = 5) Shapes of the stress magnitude contours are distorted by the elastic anisotropy (Fig. 24a) . The minimum principal (tensile) stress concentration at θ = 0 is for the anisotropic shale higher than for the isotropic case ( Fig. 24d and h) . The higher concentration of the minimum principal stress implies that the horizontal upper-bound shear or tensile failure is more likely to occur for the anisotropic (Muderong) shale than for isotropic formations.
Principal stress magnitudes around overbalanced wellbore
The difference of the minimum principal stress magnitudes at the potential tensile failure location between the anisotropic and isotropic formations is shown in Fig. 25 . Larger difference is observed for the lower α 1 α 2 values and for the higher α 1 + α 2 values. For the anisotropic formations described in Table 1 , the Clay model shows the largest difference (−2.39) due to its high α 1 + α 2 value (3.614). However, for the Woodford shale, the minimum stress concentration at the failure location is lowest, due to its very low α 1 + α 2 value (1.582; Table 1) , and differs only 0.23 from the isotropic case. Fig. 17 . Uni-axial far-field stress case. Maximum principal stress magnitude around the wellbore (−5 to 5 of the wellbore radius) with the net pressure (P NET ) of −5 (underbalanced), 0 (balanced) and 5 (overbalanced) (from left to right). From the top to bottom row, the stress distribution of the anisotropic Muderong shale (A), isotropic case (I) and the difference (A-I) are depicted. Images are valid for a horizontal compressive far-field stress in geomechanical sign convention and tensile far-field stress in mechanical engineering sign convention; for extension a simple sign conversion occurs.
Safe drilling window: wellbore stability analysis
The critical wellbore pressures for the anisotropic Woodford shale, Kimmeridge clay, Muderong shale and Cretaceous shale formations (Table 1, Fig. 4 ) are analyzed and compared with the isotropic case to investigate the effect of the formation anisotropy on the safe window for the weight of the drilling fluid. The analysis was performed on three Andersonian far-field stress conditions, i.e. extensional, strike-slip and compressional basins. For all the cases, the horizontal wellbore is aligned with the minimum horizontal stress (Figs. 26a-c) . For the compressional basin case, the wellbore aligned with the minimum horizontal stress will be analyzed as a bi-axial deviatoric stress condition (Figs. 26a) , which is due to existence of the two principal stresses normal to the wellbore, the vertical and maximum horizontal stresses Fig. 18 . Bi-axial far-field stress case. Maximum principal stress magnitude around the wellbore (−5 to 5 of the wellbore radius) with the net pressure (P NET ) of −5 (underbalanced), 0 (balanced) and 5 (overbalanced) (from left to right). From the top to bottom row, the stress distribution of the anisotropic Muderong shale (A), isotropic case (I) and the difference (A-I) are depicted. Images are valid for a horizontal compressive far-field stress in geomechanical sign convention and tensile far-field stress in mechanical engineering sign convention; for extension a simple sign conversion occurs. Fig. 19 . Principal stress magnitudes of anisotropic (a-d; Muderong shale) and isotropic cases (e-h) around an underbalanced wellbore (P NET = -5). For both cases, the maximum (a, e) and minimum (c, g) principal stress magnitudes are shown within −5 to 5 times the wellbore radius. Stress concentrations at the potential lowerbound shear failure location (θ = π/2) are magnified in (b) and (f). Potential lower-bound shear or tensile failure location (θ = 0) are enlarged in (d) and (h).
( Table 5 ). For the strike-slip and extensional basin cases, a wellbore aligned in the direction of the minimum horizontal stress suffers, in the plane perpendicular to the wellbore, a uni-axial far-field compression (Figs. 26b, c) .
The local principal stresses at the potential failure locations near the wellbores are solely controlled by the far-field stresses normal to the wellbore and the drilling fluid pressure in the wellbore (P w ). In case of isotropic response, elastic constants are not needed for the stress and failure analysis. However, when anisotropy is established with transverse isotropy we can apply the Green and Taylor (1945) and Green (1942) solutions after certain adaptations (details in Appendix C). The procedures for the safe drilling window analysis (described in detail in Appendix B), includes an estimation of the axial principal stress based on the local Poisson's ratio [Appendix B, Eq. (B1)] using the data given in Table 6 . The most widely-used failure criteria in wellbore stability analysis, the Mohr-Coulomb (MC) and Drucker-Prager (DP) failure criteria, are integrated the locally induced stresses, i.e. tangential, Table 4 Maximum and minimum principal stresses induced by each wellbore pressure in the Muderong shale and isotropic formations.
Wellbore Net pressure
Maximum principal stress (θ = π/2 and 3/2π) Minimum principal stress (θ = 0 and π)
Muderong shale Isotropic Muderong shale Isotropic −10.00 17.10 13.00 −10.00 −10.00 −5.00 10.38 8.00 −5.00 −5.00 0.00 3.66 3.00 −0.76 −1.00 5.00 5.00 5.00 −7.08 −6.00 10.00 10.00 10.00 −13.40 −11.00 Fig. 20 . The excess stress concentration due to the maximum principal stress at θ = π/2 in an underbalanced wellbore for anisotropic case as compared to the isotropic case (P NET = -5). The anisotropic coefficients, α 1 and α 2 are imaginary within the blank area at the lower portion of the figure. The stress magnitudes on the dashed line cannot be determined. The stress concentrations induced by the anisotropic elasticity (with the coefficients on the red curve) are identical to the isotropic case. Dashed rectangle contains stress concentrations for shale samples of Table 1 and is magnified in image b, where red dots represent: (1) Clay model, (2) Cretaceous shale, (3) Muderong shale, (4) Kimmeridge clay and (5) Woodford shale. The black dot represents the isotropic reference case. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) Fig. 21 . Principal stress magnitudes of anisotropic formation (a-d; Muderong shale) and isotropic formation (e-h) around a balanced wellbore (P NET = 0). For both cases, the maximum (a, e) and minimum (c, g) principal stress magnitudes are shown within −5 to 5 times the wellbore radius. The stress concentration at the potential lower-bound shear failure location (θ = π/2) is indicated in (b) and (f), and that of the potential upper-bound shear or tensile failure location (θ = 0) is indicated in (d) and (h). (Table 1) . The black dot represents the isotropic reference case. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) radial and axial stresses. Fig. 27a shows the safe drilling fluid window for a horizontal well drilled in the elastically isotropic formation under the compressional insitu stress condition, i.e. the vertical in-situ stress is the maximum farfield stress. The red, blue and black lines indicate the critical net pressure at lower-, upper-bound shear failure and tensile failure, respectively. It is assumed that either tensile or upper-bound shear failure occurs in overbalanced wellbore (see the lines on the right-hand side in Fig. 27a ), because the failure type expected at higher net pressure is invalid due to altered rock properties and stress distribution by the failure already achieved. Therefore, only the solid lines are valid in Fig. 27a . At 1000 ft, the critical net pressure at the upper-bound shear failure is depicted with the dashed lines because it is expected to occur at higher pressure (1675 psi by MC and 2169.53 psi by DP criteria) than the tensile failure (900 psi).
Compressional basin
According to the MC criterion, the upper-bound shear failure is expected to occur at 5000 and 9000 ft, while the results from the DP criterion indicate that tensile failure is more likely to be induced. In addition, it shows that the safe window calculated by the MC criterion is narrower than the DP criterion. This is because the MC criterion underestimates rock strength by ignoring the effect of the intermediate principal stress. For the compressional basin case, the axial stress is the intermediate principal stress for both lower-and upper-bound shear failure. Fig. 26b highlights the critical net pressure at lower-bound shear failure at 1000, 5000 and 9000 ft according to MC (bordered with red) and Drucker-Prager (DP; bordered with blue) failure criteria. The horizontal and vertical axes for the plots are the net pressure and the tangential stress at the potential failure locations (θ = π/2 or 3π/2). Each line represents the induced tangential stress at the locations for each formation, and the red and blue dots indicate the net pressure and the tangential stress concentration at the moment of lower-bound shear failure calculated by the MC and DP criteria, respectively. The tangential stress concentrated at the potential failure locations of the Cretaceous shale is the highest, while that of the isotropic formation is the lowest. Moreover, the critical net pressure magnitudes calculated by Fig. 23. (a) Difference of the minimum principal stress at θ = 0 for the anisotropic and isotropic cases at upper-bound shear or tensile failure point of a balanced wellbore (P NET = 0). Vertical red line marker is where anisotropy coefficients give stress identical to that of the isotropic case. Red dots represent:
(1) Clay model, (2) Cretaceous shale, (3) Muderong shale, (4) Kimmeridge clay and (5) Woodford shale (Table 1) . The black dot represents the isotropic reference case. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) Fig. 24 . Principal stress magnitudes for anisotropic (a-d; Muderong shale) and isotropic cases (e-h) around an overbalanced wellbore (P NET = 5). The maximum principal stress concentration at the potential lower-bound shear failure location (θ = π/2) is enlarged in (b) and (f), and that of the potential upper-bound shear or tensile failure location (θ = 0) in (d) and (h). (Table 1 ). The black dot represents the isotropic reference case. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) the MC criterion are consistent with the tangential stress concentration (from the highest Cretaceous shale, Muderong shale, Kimmeridge clay, Woodford shale and the lowest isotropic formations) at all the analyzed depths of 1000, 5000 and 9000 ft. This is because the net pressure calculated from the MC criterion solely depends on the maximum and minimum principal stresses, i.e. the tangential stress and the net pressure. As a result, the Cretaceous shale has the narrowest safe window width calculated from the MC criterion, while drilling through the isotropic formation will provide wider safe drilling fluid weight range. However, the net pressure at lower-bound shear failure calculated by the DP criterion shows different rocks give different responses. For example, the critical net pressure for the Cretaceous shale formation is lower than the other anisotropic formations, even though the tangential stress concentration is the highest. The phenomenon is caused by the magnitude of the intermediate principal stress that affects the net pressure calculated by the DP criterion, which depends on the Poisson's ratio as discussed in more detail in Appendix B. Fig. 27c shows the critical net pressure at upper-bound shear or tensile failure. The tangential stress concentration at the potential tensile failure locations (θ = 0 or π) is highest for the Woodford shale and is lowest for the Cretaceous shale formations, in accordance with the analysis described in Section 4.5. Since it is assumed that all the formations will have zero tensile strength, the order of the critical net pressure at tensile failure is consistent with that of the tangential stress. At 5000 and 9000 ft, the upper-bound shear failure is expected to occur when the MC criterion is selected to calculate the critical net pressure. For the both intervals, the concentrated tangential stress at the potential failure locations is highest and lowest for the Woodford and Cretaceous shale formations (Fig. 27c ). Similar to the lower-bound shear failure, the critical net pressure calculated by the MC criterion is consistent with the tangential stress magnitude at the failure locations. This is because the tangential stress is the minimum principal stress, which the critical net pressure increases with. Accordingly, the Woodford and the Cretaceous shale formations show the widest and the narrowest safe window. Meanwhile, tensile failure, rather than upper-bound shear failure, is expected according to the DP criterion.
Strike-slip basin
The calculated safe window in the strike-slip case is shown in Fig. 28 . Similar to the compressional basin, the safe window calculated by the MC criterion shows the narrower window (Fig. 28a ). In addition, tensile failure will occur at 1000 ft, while the upper-bound shear failure is expected at 5000 (from the MC criterion) and 9000 ft (from the MC and DP criteria). At the lower-bound shear failure, the order of the concentrated tangential stress is same as the previous case, i.e. the highest Cretaceous shale, Muderong shale, Kimmeridge clay, Woodford shale and the lowest isotropic formations (Fig. 28b) . Although the critical net pressure calculated by the MC criterion consistently increases with the magnitude of the tangential stress, there are deviated values at 5000 and 9000 ft. This is caused by change of the principal stress magnitude order. For most cases, the tangential and radial stresses are Thomas and Weijermars (2018) ). the maximum and minimum principal stresses (σ θ > σ z > σ r ), which are used to calculate the critical net pressure by the MC criterion. For the deviated net pressure values (the red circles in Fig. 28b) , however, the axial stress is the minimum principal stress. Since the Woodford shale, Kimmeridge clay and Muderong shale formations have low Poisson's ratio values on the isotropic plane (0.109, 0.118 and 0.152) and high values on the anisotropic planes (0.243, 0.261 and 0.284), the axial stress at the lower-bound shear failure locations along the horizontal wells are much smaller than the isotropic and Cretaceous shale formations. Consequently, the axial stress becomes the minimum principal stress at 5000 ft of the Kimmeridge clay (green line) and at 9000 ft of the Woodford shale, Kimmeridge clay and Muderong shale formations and yields the deviated critical net pressure. Therefore, it is found that the anisotropy of the elastic properties significantly affects the safe window calculation using the MC criterion by changing the principal stress order. As shown in Fig. 28a , tensile failure is expected at 1000 ft, and the upper-bound shear failure would occur at 5000 (from the MC criterion) and 9000 ft (from the MC and DP criteria) for the isotropic formation. At 1000 and 5000 ft, the results of the anisotropic formations are identical. However, taking the formation anisotropy into account changes the results (see the dash-bordered plot at the right-bottom in Fig. 28c ). Although the upper-bound shear failure in the isotropic formation is expected by the DP criterion, tensile failure is more likely to occur in the Woodford shale, Kimmeridge clay and Muderong shale formations. This is because the axial stress values induced at the potential upper-bound shear failure locations (θ = 0 or π) of the three anisotropic formations are relatively high (11,919.6, 12,049.2 and 11,728.8 psi, respectively) , which intensify the rock strength widen the safe window. The phenomenon implies that the expected failure type can also be altered by the formation anisotropy. Fig. 29a shows the safe window of the isotropic and anisotropic formations under the extensional basin case calculated by the MC and DP criterion. For the isotropic formation, tensile failure is expected at all the interval if the DP criterion is applied. However, the critical net pressure calculated by the MC criterion shows that the upper-shear failure is expected at 9000 ft. At the 5000 ft depth, the critical net pressure values at tensile and upper-bound shear failure from the MC criterion are identical (4000 psi). For the lower-bound shear failure (Fig. 29b) , higher tangential stress concentration yields narrower safe window, except the Kimmeridge clay at 5000 ft and the Woodford shale, Kimmeridge clay and Muderong shale at 9000 ft. The critical net pressure of the anisotropic formations are deviated by the changed Fig. 27 . Compressional basin case. Safe window analyzed by the Mohr-Coulomb (MC) and the Drucker-Prager (DP) criteria. a: Reference for safe drilling window assuming isotropic elasticity calculated by the MC (red) and DP (blue) criteria. b: The net pressure and tangential stress at lower-bound shear failure for the isotropic reference and the anisotropic formations. The red and blue dots indicate the critical net pressure calculated by the MC and DP criteria, respectively. c: The net pressure and tangential stress at tensile or upper-bound shear failure. Detailed tables with exact depth of failure for each criterion are included in Appendix B. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) order of the principal stress, i.e. the minimum principal stress is changed from the tangential stress to the axial stress. The safe window calculated by the DP criterion is not consistent with the tangential stress magnitude, as it depends on the intermediate stress.
Extensional basin
When the wellbore is overbalanced, it shows that the expected failure type is deviated by taking the formation anisotropy into account (dash-bordered plots in Fig. 29c) . At 5000 ft, where the critical net pressures at tensile and upper-bound shear failure from the MC criterion are same (4000 psi), the upper-bound shear failure is expected in the Woodford shale formation, while the tensile failure is more likely to occur in the other anisotropic formations (dash-bordered with red). This is because of the higher (4086.07 psi; Woodford shale) and lower (the other) tangential stress concentration, which increase the critical net pressure values calculated by the MC criterion. Similar phenomenon can be observed at 9000 ft, where the tensile failure is expected by the DP criterion in the isotropic formation. For the Cretaceous shale (the red line in the black dash-bordered plot in Fig. 29c ), the critical net pressure calculated by the DP criterion (the blue dot) is smaller than the net pressure at the tensile failure (the black dot), which indicate the upper-shear failure is more likely to be induced. This is because the extremely low axial stress weakens the rock strength calculated by the DP criterion. Thus, taking into account the formation anisotropy alters the tangential stress concentration as well as the axial stress from the isotropic formations, resulting in the distinct safe window and expected failure type.
Discussion
Practical application
Although many factors determine the success of any drilling, completions and fracture treatment plan, properly manipulating the native stress state remains a key ingredient for the outcome of such operations. The stress reorientations due to pressure applied to the wellbore (by a drilling mud load or hydraulic fracture treatment) do not penetrate far away from the wellbore, but knowing how they distribute around the wellbore is crucial for wellbore stability analysis. Anisotropy in the native stress state of rock may have a significant impact on (1) the geomechanic analysis of wellbore stability prior to, and during, drilling operations, and (2) the prediction of hydraulic fracture propagation prior to, and during, hydraulic fracture treatment jobs. Both operations induce changes in the native state of stress in the vicinity of the wellbore and utilize geomechanical models to control the engineering process. Our study focuses on wellbore stability analysis, which seeks to Fig. 28 . Strike-slip basin case. Safe window analyzed by the Mohr-Coulomb (MC) and the Drucker-Prager (DP) criteria. a: Reference for safe drilling window assuming isotropic elasticity calculated by the MC (red) and DP (blue) criteria. b: The net pressure and tangential stress at lower-bound shear failure for the isotropic reference and the anisotropic formations. The red and blue dots indicate the critical net pressure calculated by the MC and DP criteria, respectively. The red circles indicate that the axial stress is the minimum principal stress. c: The net pressure and tangential stress at tensile or upper-bound shear failure. The dash-bordered plot indicates the expected failure type can be altered by the formation anisotropy. Detailed tables with exact depth of failure for each criterion are included in Appendix B. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) limit any drilling induced failure of the wellbore that could compromise its operational safety and/or jeopardize structural integrity, while trying to drill and complete the well as fast as possible at the lowest cost and with a minimum set of interventions or non-drilling time.
Improved algorithms for anisotropic elastic response and failure are also needed to improve fracture propagation model platforms. None of the concurrent hydraulic fracture propagation model platforms account for the effects of elastic anisotropy (only layers with finite dimensions and individually isotropic elastic constants are accounted for). Upon wellbore completion, fracture treatment is applied to shale formations. Modeling of the orientation and magnitude of the principal stresses in the proximity of the wellbore is useful for a complete analysis of likely failure directions and may improve the success of wells as follows. When the geomechanics of wellbore stability in anisotropic shale were better understood, complications can be mitigated (which is relevant to improve the success of both first time completions and re-entry drilling).
During a wellbore stability analysis, the stress concentrations at the potential failure locations are integrated with rock properties and rock failure criteria to estimate the safe drilling fluid density required to stay in the safe drilling window. Sections 4.3-4.5 indicate that when a formation possesses elastic anisotropy, the stress distribution around the wellbore locally deviate from that of the isotropic formation. Higher tangential stress occurs at the potential upper-bound shear failure locations (θ = π/2 or θ = 3π/2) in anisotropic formations for the underbalanced or balanced wellbores, while lower tangential stress is observed at the potential lower-bound shear or tensile failure locations in the anisotropic formations. The Woodford shale formation is an exception, with compliances resulting in smaller stress concentration than the isotropic formation, due to its low α 1 + α 2 . Therefore, it is crucial to integrate the stress concentration due to elastic anisotropy into any wellbore stability analysis for shale basins.
The necessity to account in wellbore stability studies for the elastic anisotropy has been outlined in numerous prior studies (Akhtarmanesh et al., 2013; Chen et al., 2003; Lu et al., 2015; Serajian and Ghassemi, 2011; You et al., 2014; Zhang, 2013) . However, all prior studies only quantified the stress state at the wellbore wall, without a systematic study of the stress trajectories and principal stress magnitudes in a broader region around the wellbore to allow a better comparison with the isotropic case. The present study mapped the stress concentration contours up to five radii away from the rim of the wellbore. Also new is the comparison of the anisotropy effects for the underbalanced and overbalanced states. For underbalanced wellbores, the stress trajectories and the stress concentration increase due to the elastic anisotropy The net pressure and tangential stress at lower-bound shear failure for the isotropic reference and the anisotropic formations. The red and blue dots indicate the critical net pressure calculated by the MC and DP criteria, respectively. The red circles indicate that the axial stress is the minimum principal stress. c: The net pressure and tangential stress at tensile or upper-bound shear failure. The dash-bordered plot indicates the expected failure type can be altered by the formation anisotropy. Detailed tables with exact depth of failure for each criterion are included in Appendix B. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
is highest in the fracture cage at the lower-bound shear failure locations ( Figs. 18 and 19) . For the overbalanced wellbores, the stress concentration increase is highest in the stress cage at the upper-bound shear or tensile failure locations ( Figs. 23 and 24) .
Based on the analysis, we conclude that anisotropy of the elastic properties could have a significant effect on the safe window calculated by both the MC and DP criteria. For the MC criterion, which only takes the maximum and minimum principal stresses into account, the excessive axial stress caused by the anisotropy would affect the safe window by changing the order of the principal stresses. If a failure criterion that considers the intermediate principal stress is selected, the critical wellbore pressure will also strongly depend on the axial stress dominated by the anisotropy of the elastic properties. In addition, the formation anisotropy may alter the expected failure type in overbalanced wellbore condition. Well stress interference for closely spaced wells drilled from a single well pad has been addressed in a recent study (Weijermars and Ettehad, 2019) .
Limitations
The original equations introduced by Kirsch (1898), widely adopted in wellbore stability analysis of isotropic rocks, assume a boundary condition of plane deviatoric stress (τ zz = 0). The analytical solutions of the seminal work by Green (1942) and Green and Taylor (1945) were applied in this study to develop a wellbore stability model for horizontal shale wells, which assume the same boundary condition of plane deviatoric stress (τ zz = 0) as Kirsch (1898) . Further, the well lies in the plane of anisotropy, perpendicular to the pole of symmetry of the transverse isotropy. The adaptation of Kirsch (1898) equations to account for axial stress response was adopted for our 3D failure models (Appendix B) follows Al-Ajmi and Zimmerman (2006), which is widely accepted by the WBS community. A comparison of thin and thick plate solutions is relatively straight forward for isotropic rocks (see Section 6.3), but more complicated for transverse isotropic rocks. We will in future work revisit the equations for stress near a hole in a thin and thick plate approach.
General analytical solutions for arbitrary orientations of wellbores not necessarily aligned with the anisotropy have been given by Lekhnitskii (1963) and Amadei (1983) . However, when not aligned with any material symmetry axis, the general solution in an anisotropy plane away from the wellbore become inaccurate, unless curved space coordinates are adopted. This statement (which we have not seen emphasized before, so no prior reference can be given) follows from basic principles. Many papers analyze the stability of inclined boreholes, but when not aligned with one of the far-field stress axes, the focus always is on the stress conditions at the wellbore proper, not away from the well. The reason is as follows. If a native Andersonian stress state is assumed in the host rock, then the principal stresses prior to drilling will be in the vertical and horizontal planes. However, the principal stresses near an oblique borehole will have one axis normal to the wellbore as no shear stress component may exist on the wellbore itself. Consequently, the principal stresses in the vicicnity of the wellbore and those of the undisturbed far-field stress will be connected by curved stress trajectories.
Even simple analytical solutions of stress trajectories and stress magnitudes around wellbores in isotropic rock based on the Kirsch (1898) equations have been shown to be quite intricate, with overlooked neutral points and stress reversals (Thomas and Weijermars, 2018; Weijermars, 2016) . These neutral points demarcate the outline of stress cages and fracture cages that provide important additional insight for wellbore stability analysis as detailed in a recent companion study (Wang and Weijermars, 2019a,b) . Analytical solutions for stress concentrations near wells drilled oblique to the principal axes of the farfield stress field are available for isotropic rocks (Hiramatsu and Oka, 1964; Zoback et al., 1985) , but -like in the anisotropic case -become (very) inaccurate away from the wellbore. We emphasize that prior work analyzed the stability of inclined boreholes, but when not aligned with one of the far-field stress axes, the focus is on the stress concentrations at the wellbore proper, not away from the wellbore (for the reason stated here).
The stress concentrations in some of the test materials increase by a factor of nearly 4 as compared to the isotropic reference ( Fig. 6b) , which is much larger than for the shale and clay samples evaluated in our study (Fig. 4) . The reason is that the transverse isotropy of shale and clay samples translates to a cluster occupying only a narrow domain in the (α 1 α 2 , α 1 + α)-space (Fig. 6) , while the test materials occupy more distal combinations of these two measures of elastic anisotropy (Fig. 6) . The inputs for computing α 1 A4.α1 and α 2 are either stiffnesses measured in the laboratory (e.g, Laubie and Ulm, 2014; Ortega et al., 2009) , or sonic dipole tools in the well (e.g, Aderibigbe et al., 2016; Brooks et al., 2015) . Because of the α 1 and α 2 , it is very important for the accuracy of any WBS analysis accounting for anisotropy, to quantify the uncertainty in the elastic stiffnesses. For example, one should independently verify the stiffness values measured with either method, as well as cross-validate the outcome of each method against each other, or seek verification of the model inputs via other methods. In any case, providing uncertainty ranges for stiffness measurements is essential when adapting the discrete WBS model proposed in our study to a probabilistic model accounting for uncertainty in the input parameters.
The focus of the present study is on the shift in stress concentrations due to pervasive anisotropy residing in shale fissility, which is separate from bedding planes. Modeling distinct bedding planes is outside the scope of the present study. In fact, homogeneous shale does rarely display distinct bedding planes; pictures shown in literature resembling bedding are for alternations of shale and siltstone. Furthermore, the potential anisotropy of failure behavior is also neglected. An attempt to include such criteria was detailed in a companion study using the Amadei (1983) expressions for stress concentrations at the wellbore in combination with certain anisotropic failure criteria (Li and Weijermars, 2019) . Use of such anisotropic failure criteria is prone to interpretations and still requires many simplifying assumptions together with detailed lab measurements of the rock in question as pointed out in the latter study.
Effects of borehole misalignment
In anisotropic shale, in spite of vibrating drill bits, the horizontal borehole can be directed to remarkable close alignment with the target production layer. However, exact alignment with the plane of transverse anisotropy (as assumed in our analysis) is not always possible in practice for every section of the wellbore. When the angle of the wellbore and the direction of the principal stress axes become misaligned, stresses in the wellbore will be slightly different from our solution assuming perfect alignment. To obtain some measure of the error, we compare (in this section) a 2D isotropic Kirsch solution with a modified 3D isotropic solution and quantify the difference in the stress solutions due to the mismatch in wellbore orientation. We use this mismatch for the isotropic case as a proxy for the anisotropic case, which we claim will be conveniently smaller than the 125% safe stress estimation following from the plane stress assumption (as was quantified in Section 2.2).
In order to identify effects of the wellbore misalignment, the stress distributions for 3D isotropic formations were determined by solutions proposed by Hiramatsu and Oka (1962) and Hiramatsu and Oka (1968) . The solutions were extensively reviewed and discussed by Fjaer et al. (2008) and Schmitt et al. (2012) . It is assumed that the wellbore is completely horizontal and parallel with the bedding plane under the extensional basin, i.e. σ V =1.0, σ H = 0.9, σ h =0.8 (normalized by the vertical stress, σ V ). With the formation Poisson's ratio value of 0.25, the wellbore pressure is assumed to be −5 and 5 for under-and overbalanced wellbore conditions, respectively.
The maximum and minimum principal stresses around the underbalanced wellbore (P w = − 5) parallel to and 10°deviated from the bedding plane are respectively shown in Figs. 30 and 31. In addition, Table 7 describes the maximum and minimum principal stresses on the wellbore wall due to the misalignment between the wellbore and the bedding plane. It appears that the principal stresses induced by the underbalanced wellbore are not considerably affected by 10°of the misalignment. On the wellbore wall, the maximum principal stresses (σ 1 ) at θ = 0 and θ = π/2 are respectively 6.70 and 7.10, when the wellbore is completely aligned with the bedding plane (Table 7) . As the angle between the wellbore trajectory and the bedding (ϕ) rises, the former increases while the latter decreases (Fig. 32 ). However, a minor misalignment of the wellbore yields a small amount of deviations of the maximum principal stress. For example, when the wellbore is 10°deviated from the bedding plane, the maximum principal stress at θ = 0 and θ = π/2 alters only 0.01 and 0.02, respectively (Table 7) . On the other hand, the minimum principal stress solely depends on the wellbore pressure and has the value of −5 no matter how much the wellbore is deviated.
For the overbalanced wellbore, similar behavior is observed as 10°d eviation of the wellbore trajectory from the bedding yield minor alterations (Figs. 33 and 34) . In this case, the maximum principal stress does not change, while the minimum principal stress gradually changes with the angle increment between the wellbore and the bedding plane ( Fig. 35) . However, the minimum principal stress at θ = 0 and θ = π/2 differs only 0.01 and 0.02, respectively, when the wellbore is 10°deviated from the bedding plane (Table 7) . The phenomenon has been mathematically described in Appendix D, which shows that the deviations of the tangential and axial stresses are proportional to sin 2 ϕ and that the radial stress does not depend on the angle, ϕ. This implies that the stress alterations around the wellbore is negligible when the angle ϕ is small.
Conclusions
A comprehensive, systematic analysis of stress changes near horizontal boreholes drilled in shale and clay formations reveals the extent of stress concentration due to deviation from isotropic elasticity. Contour plots of the principal stress trajectory patterns and principal stress magnitudes visualize a range of possible solutions for transversely isotropic media. Examples of the stress concentrations deviating from the isotropic solutions due to elastic anisotropy are given in our study using compliances for a number of shale and clay samples. When the formation anisotropy is taken into account, larger stress concentration is observed at the potential failure locations than for the elastically isotropic formation, i.e. higher tangential stress at the lower-bound shear failure locations and lower tangential stress at tensile failure locations.
The overall effect observed is a narrowing the alteration of the safe drilling window in horizontal wellbores penetrating horizontally layered shale for which orientation the geomechanical anisotropy will increase the stress concentration factors around the wellbore. For horizontal shale well completions, the safe mud density will be limited to a narrower range to ensure stability of the well. However, exceptions may exist, depending on the values of the anisotropic constants that represent the formation anisotropy. For the wellbore stability analysis using shear failure criteria on the anisotropic formations, we found that an analysis solely relying on the larger tangential stress concentrations at the potential failure locations of the anisotropic formations may result in misleading conclusions. Therefore, an integrated analysis is required to draw more reliable conclusions, as shown in our study. The order of the locally induced stresses, effects of the anisotropy on the axial stress, the potential failure locations, and characteristics of the selected failure criterion are all accounted for in our models.
The stress concentration effect facilitates the initiation and growth of fractures normal to the horizontal shale fabric in extensional and strike-slip basins. Practical graphs and equations are provided to assess such situations. Better wellbore stability models lead to safer drilling and the reduction of faulty wells, which mitigates environmental impacts and potential hazards like well loss and blowout. The results of our analysis can be readily applied in wellbore stability analysis when drilling horizontally through formations with elastic anisotropy, such as shale. The practical implications of our study are as follows:
• The principal stress magnitudes show that for the anisotropic compliances of the shale samples studied, more stress distribution is concentrated altered at the potential failure locations, compared to that of the isotropic formation. For underbalanced wellbores, the tangential stress at the potential upper-bound shear failure location for the anisotropic formation is higher than for the isotropic formation. In addition, larger tangential stress concentrations occur at the tensile failure location for the anisotropic shale formations, except for the Woodford shale, which indicates smaller concentration Table 7 The maximum and minimum principal stresses at the wellbore wall for under-and overbalanced wellbores due to the misalignment between the wellbore and the bedding plane.
Angle from the bedding Underbalanced (P w = − 5) Overbalanced (P w = 5) σ 1 σ 3 σ 1 σ 3 θ = 0 θ = π/2 θ = 0 θ = π/2 θ = 0 θ = π/2 θ = 0 θ = π/2 0 6.70 7.10 −5 −5 5 5 −3.30 −2.90 π/18 6.71 7.08 −5 −5 5 5 −3.29 −2.92 π/6 6.75 6.95 −5 −5 5 5 −3.25 −3.05 π/3 6.85 6.65 −5 −5 5 5 −3.15 −3.35 π/2 6.90 6.50 −5 −5 5 5 −3.10 −3.50 Fig. 32 . Maximum principal stress change by the wellbore angle from the bedding for the underbalanced wellbore at θ = 0(red) and θ = π/2(blue). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) Fig. 33 . Maximum (left; σ 1 ) and minimum (right; σ 3 ) principal stress for the overbalanced wellbore parallel to the bedding.
although the anisotropy is taken into account.
• The difference of the stress concentration between the anisotropic and isotropic formations depends on the anisotropic elasticity scalars α 1 and α 2 , which determine both α 1 α 2 and α 1 + α 2 . The stress concentration analysis of the five shale formations, Woodford, Kimmeridge clay, Muderong shale, Cretaceous shale and Clay, shows that the elastic anisotropy induces larger stress concentration at the potential failure locations except for the Woodford formation at overbalanced wellbore due to its very low α 1 + α 2 value.
• The safe window for the drilling fluid density was investigated using the Mohr-Coulomb and Drucker-Prager shear failure criteria, and for tensile failure assuming that the rock tensile strength is zero. In all cases, the anisotropy of the elastic properties has a significant effect on the safe window calculation. This is because not only the stress distribution around the wellbore is deviated by the formation anisotropy; the anisotropy also affects the axial stress along the wellbore trajectory. Results from both the Mohr-Coulomb and Drucker-Prager criteria indicate the highly altered safe window when the anisotropy is taken into account. In addition, the distinctive critical net pressure may induce a change of the prevailing failure type, i.e. tensile versus shear failure.
• According to the stress distribution analysis around the wellbore, both the stress trajectory and magnitudes are altered by the transverse elastic anisotropy. Although the shifted principal stress trajectories do not indicate significant difference, the distances to the neutral points are increased by the formation anisotropy. Since the distances are directly related to the dimensions of the fracture and stress cages, both caging effects increase due to the anisotropy.
• The equations and graphs presented in our study should provide powerful aids to improve wellbore stability analysis workflow and software platforms.
Nomenclature
Symbol Meaning (SI Units) σ Stress tensor (Pa) σ i Principal stress along the axis i (Pa) σ xx_∞ Far field stress tensor, i.e. components of the stress tensor as (in polar coordinates) r → ∞ (Pa) ε Strain tensor (Dimensionless, i.e. 1, or radian) S Compliance tensor (Pa −1 ) C Stiffness tensor (Pa) E Young's modulus (Pa) ν
Poisson's ratio (Dimensionless) τ Deviatoric stress tensor (Pa) τ i Principal deviatoric stress tensor along the axis i (Pa) P Pressure (Pa) P NET Net pressure (Pa) P W Fluid pressure inside a wellbore (Pa) Fig. 34 . Maximum (left; σ 1 ) and minimum (right; σ 3 ) principal stress for the overbalanced wellbore 10°deviated from the bedding. Fig. 35 . Minimum principal stress change by the wellbore angle from the bedding for the underbalanced wellbore at θ = 0(red) and θ = π/2(blue). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
